Analysis Comprehensive Exam Questions
Fall 2012

Instructions: Complete 5 of the 8 problems below. If you attempt more than five questions,
then clearly indicate which five should be graded.

NOTE: Throughout this exam, the Lebesgue exterior measure of a set £ C R? will denoted by
|E|., and if F is measurable then its Lebesgue measure is denoted by |E|. The characteristic
function of a set A is denoted by X 4.

1. Given a set E C R¢ with |E|, < oo, show that E is Lebesgue measurable if and only if for
each € > 0 we can write £ = (SUA)\ B where S is a union of finitely many nonoverlapping
boxes and |A|., | Bl < e.

Remark: A bozx is a rectangular parallelepiped of the form [a1,b;] X - -+ X [ag, bg]. Boxes are
nonoverlapping if their interiors are disjoint.

Solution: =-. Suppose that F is measurable, and fix € > 0. Then there exists an open
set U O F such that [U\F|. < e. Since U is open, there exist nonoverlapping boxes Q)
such that U = U2 Q. Since

Y 1Qkl = U] < oo,

k=1

we can choose M large enough that > ° | |Qx| <. Let
M
S = U @, A = E\S, B = S\E.
k=1

Note that S is a finite union of nonoverlapping boxes. Since

A=BScm\sSc U Q

k=M+1
we have
) o0
A <108 < | U @ < Y 1ol < e
k=M+1 k=M+1

Finally, B = S\E C U\E, so

|Ble < |[U\E|. < e.

<. Fix € > 0. By hypothesis, £ = (S U A)\B, where S is a finite union of nonover-
lapping boxes and |A|., |B|. < €. Since S is measurable, let U O S be an open set such




that |U\S| < . Although we don’t know that A is measurable, we can find an open set
V' O A such that |V| < |A|. 4 €. Consequently,

V| < |Al.+e < 2.

Let G = UUV. Then G is open, and since U O S and V DO A, we have that G D SUA D F.
After some set-theoretic calculations, we see that

G\E C (U\S)UV UB.

Therefore
|IG\E|e < |[U\S|+|V|+|Ble < e+2e+¢ = 4e,

so F is measurable.
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2. (a) Let E C R be a measurable set such that |E| < oo. Let {f,}nen be a sequence of
measurable functions on E, and suppose that f, is finite a.e. for each n. Show that if f,, — f
a.e. on E, then f, = f.

(b) Show by example that part (a) can fail if |E| = oco.

Solution: (a) The function f is measurable since it is the pointwise a.e. limit of the
measurable functions f,. Fix ¢ > 0. We want to show that |{|f — f.| >¢}| = 0 as
n — 00.

Fix n > 0. By Egorov’s Theorem (which is applicable since E has finite measure),
there exists a set A C E such that |A| < n and f,, — f uniformly on E\ A. Hence there
exists an integer N > 0 such that

Vn >N, sup|f(z)— fulz)] < e
¢ A

Therefore, if n > N and |f(z)—f.(z)| > €, then x € A. In other words, {|f—f.| > ¢} C A
for all n > N. Hence for all n > N we have

{If = fal =€} < 4] < n.

This shows that
lim [{|f — ful > €}| = 0.

(b) Set f. = Xjnnt1- Then f, — 0 pointwise on R, but f, does not converge in
measure to the zero function. Another example is f,(z) = z/n.
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3. Suppose that f is a bounded, real valued, measurable function on [0,1] such that
fol 2" f(z)dxr =0 for all n = 0,1,2,.... Show that f(x) = 0 almost everywhere.

Solution: Note the hypothesis fol 2" f(z)dz = 0 implies that fol p(x)f(z)dz = 0 for
every polynomial p. Fix ¢ € C[0, 1]. By the Weierstrass Approximation Theorem, there
exist polynomials p, such that ||p, — ¢|/cc — 0 as n — oo. Then we have

<

[ 1@ ao

_|_

/0 f(2) o(a) de / F(2) (p(z) — pa(2)) de

/O £(2) (9la) - pala)) da

< | flllle = plloe = 0.

Note that we have || f||1 < ||f|le since we are on a finite measure space. Thus, we have
that

/ ' fla)p(a)dr = 0

for every continuous function ¢. Since C[0, 1] is dense in L'[0, 1] we can select a sequence
{¢n} of continuous functions such that || f — ¢, |1 = oo. Then we have

_|_

[ 1@ enteyas

/01 fapar < | @) (0) = o)) da

/O F(@) (F(z) — pula)) da

< | fllso Il = pulls = 0.

Therefore .
| tapa=o
0

so f(x) = 0 almost everywhere as claimed.
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4. Fix 1 < p < oo. Given f,, f € LP(RY), prove that ||f — f,|l, — 0 if and only if the
following three conditions hold.

(a) fo = f.
(b) For each ¢ > 0 there exists a § > 0 such that for every measurable set £ C R?
satisfying |E| < 0 we have [, |f,[? < e for every n.

(c) For each ¢ > 0 there exists a measurable set £ C R? such that |E| < oo and
Jie | fal? < € for every n.

Solution: =-. Assume that ||f — f,||, — 0. We must show that conditions (a), (b), and
(¢) hold.

(a) Tchebyshev’s Inequality implies that if a sequence converges in LP-norm then it
converges in measure.

(b) Fix € > 0. Since |f|? is integrable, there exists a dy > 0 such that

19
Bl <& = Ifxely = [ 1 < 5

Further, there is some N > 0 such that

€
op+1°

n>N = Hf_ang <

Hence if n > N and |F| < dy then we have

A

1(fn = f+ ) Xell)

< 2P([(fu = f)XElb + 27| f XE|}
€
< Plfa S+ 2 oo
< c + c - €
2 2 7
Since fi,..., fnx are all integrable, for each n =1,..., N, there is some 9,, > 0 such that

Bl < b = sl = [ I < =
E

Therefore if we take 6 = min{dp, d1,...,dx}, then we have shown that statement (b)
holds.

(c) Fix € > 0. Since |f]? is integrable, by setting £ = B,.(0) with r large enough we

will have
€

I xeclly = [ 1P < oo
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There is some N > 0 such that

€
op+1°

n>N = Hf_ang <

Hence for all n > N we have

IA

[(frn = f + 1) Xpelly
22|[(fn = ) Xpelly + 270 Xelly

£
2N = FlI + 2

1 Xeelly

IA

IA

8—0—6—8
2 92 7

A

Since fi,..., fy are all integrable, we can take r large enough that we will also have
[ foXEelly < e, n=1,...,N.

Therefore statement (c¢) holds.

<. Assume that statements (a), (b), and (c) hold. Fix ¢ > 0, let E be the set given
by statement (c), and let 6 > 0 be the number given by statement (b). Statement (a)
tells us that f, = f. Setting

El/p
A, = {|f_fn| > W},

there must be some N > 0 such that
n>N = |4, <.

Applying statement (b), we have

n>N — / lf = fu] < e
Ap

Putting this all together, for n > N we have

R AR NTE T A

g
< 5+/ — 4+
B\A, |E]

< 3e.

Therefore we have shown that f, — f in LP-norm.
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5. Let {fn}nen be an orthonormal sequence in L?[a,b]. Prove that {f,}nen is complete in

L?[a,b] if and only if
x 2
> / Fo(t) dt
=1 a

Remark: A sequence is complete if its finite linear span is dense.

= x —a, x € [a,b].

Solution: =. If {f,} is complete, then we have by Plancherel’s Equality that

x 2 o0
Z / fn(t>dt = Z‘ [a,] fn
_1 a

n=1

= Wl = [ WP dt = 2 —a

<. Suppose that

= r—a, x € [a,b].

Z /:fn(t)dtz

> X )P = 7= a = (X3
n=1

Then,

Thus, the Plancherel Equality holds for X, ;). This implies that X[, € span{f,}. This
is true for every x € [a,b], so

Xey) = Xag) = Xjaa] € SPAN{fn}
for every x < y. The span of the set of characteristic functions of intervals, i.e.,
span{X[W} ra<zr<y< b},

is dense in L?[a, b] (this is sometimes called the set of “really simple functions”). There-
fore span{ f,} = L?[a, b].
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6. Let S be a closed linear subspace of L'[0,1]. Suppose that for each f € S there exists a
p > 1 such that f € LP[0,1]. Show that there exists a ¢ > 1 such that S C L]0, 1].

Solution: Since S C L'[0,1] and S is closed, it is complete since L'[0, 1] is complete.
Let g, be real numbers that decrease to 1, and for m, n € N set

Evm={f€5:feL™0,1], [[fllem <m}.

Then we have that
S = U En,ma

since by hypothesis for each f € S there is a p > 1 such that f € LP[0,1], and if r > s
then L"[0,1] C L#[0,1], so choosing ¢, < p will place f € E, ,, for some m.

We claim that each set E,, ,, in the union is closed. To see this, suppose that fi, € E,, ,,
and fp — f € L'[0, 1]. Since we are working in the topology defined by the L' norm, we
can find a subsequence {fi, } that converges to f almost everywhere on [0, 1]. Then, as a
consequence of Fatou’s Lemma, we have

1 1
0 J—00 0

Hence f € E), , s0 B, is closed.

Therefore, by Baire’s Category Theorem, there exist ng, mg such that E, ,,, has non-
empty interior. So, there exists a ball of radius 0 > 0 centered at some point f such
that

B5(f) - Eno,mO'

Let us assume that f = 0, as the general case can be handled similarly via a translation.
Then we have that Bs(0) C E, m, C L]0, 1].
Finally, choose any function 0 # g € S. Then

-~ 0 g
g: —
2lgllz

€ Bs(0) C Eyym, € L]0, 1].

But g is a scalar multiple of g, so we conclude that g € L0[0,1]. This gives us S C
L0, 1].
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7. Let k be a measurable function on R? that satisfies

C, = esssup/ |k(x,y)|dy < oo,

z€R —00

Cy = esssup/ |k(z,y)|dx < oo.

yGR —00

Given 1 < p < 00, show that

L) = [ k(o) f) dy, f € DV(R),

oo

defines a bounded mapping of LP(R) into itself, and its operator norm satisfies

ILillrore < CYP Gy,

Solution: Suppose that 1 < p < oo (the cases p = 1 and p = oo are similar). Given

fe [M(R),
ILeflE = / Luf (@) da

- [|[ s sy
J ([ it e sl ) o
[([wemian)” ([ wevisora) a

[t [l dyas

p

dx

IA

IA

IA

=t [15wP [ Ikl drdy

< o / ()P Cady
= YT | fIE.

Consequently;,
1/p" ~1
ILefll, < CYPCP 111,

so Ly is bounded and || Ly||zr—1r < Cll/plCzl/p.
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8. Let X, Y, Z be Banach spaces. Suppose that B: X x Y — Z is bilinear, i.e., Bf(h) =
B(f,h) and B9(h) = B(h, g) are linear functions of h for each f € X and g € Y. Prove that
the following three statements are equivalent.

(a) Bf: Y — Z and BY: X — Z are continuous for each f € X and g € Y.
(b) There is a constant C' > 0 such that

IB(UHgll < CllfIHgll,  feX geY.

(c) B is a continuous mapping of X x Y into Z (note that B need not be linear on the
domain X x Y').

Solution: (a) = (b). Assume that By and BY are continuous for each f and g.
Since By is bounded, for each individual f € X we have

sup [|BY(f)l = sup [[Bs(g)l = Bl < oo
lgll=1 lgll=1

Since each operator B, is linear, the Uniform Boundedness Principle therefore implies
that
C = sup ||B < oc.
lgll=1

Now fix any vectors f € X and g € Y. If g # 0 then h = g/||¢|| is a unit vector in Y,

SO
1

lgll
Therefore, we have shown that for all f and all nonzero g we have

IB(f, 9l < Clfl gl

The inequality on the preceding line also holds trivially if g = 0, so statement (b) follows.

(b) = (c). Assume that statement (b) holds. Suppose that (f,,g,) — (f,g) in X x Y.
Then f, — fin X and g, — ¢ in Y, and consequently D = sup ||f,.|| < oo. Applying
statement (b), it follows that

1B(f,9) — B(fa, gn)ll < 1B(f9) — B(fa, 9)ll + [|1B(fn, 9) — B(fn, g0l

IB(f = fus DI + 1B(frs 9 — gn)ll
< Cf = fallllgll + Cll fall lg = gall
< Clf = fallllgll +CDlg — gl

— 0 asn— oo.

IB(f. 9l = B0 = BN < 1B I < CULI-

A

Therefore B is continuous on X X Y.

(c) = (a). This follows immediately from the fact that convergence in X x Y implies
convergence in each factor individually.
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