Analysis Comprehensive Exam (Questions
Spring 2008

1. Consider a sequence of functions f,, € L*(RY) for n = 0,1,. .., with

C:=sup [ |fu]ldr < 0.
n>20 JRd
Suppose that the following assumptions are satisfied:
(i) fn — fo in measure as n — oo;

(ii) for all € > 0 there exists a 6 > 0 such that

A< = sup/|fn|dx<€; (1)
n>0 J A
(iii) for all € > 0 there exists a set K C R? with |K| < oo such that
sup/ |fnl dx < e. (2)
n20 JRNK

Prove that f, — fy strongly (i.e., in norm) in L'(R%). Also show that all three conditions
are necessary, by constructing three counterexamples, each of which satisfies two of the
hypotheses (i), (ii), (iii) but not the third, and for which f,, does not converge strongly to

fo-

Solution
Let € > 0 be given. By assumption, we can find § > 0 and K C R such that (1) and (2)
are satisfied. Choose v > 0 large enough such that C'/a < ¢ and define

A, = {x c R | fo(z)| > a} for all n > 0.

By Chebyshev’s inequality, we obtain
1
|A,| < —/ |fu] dx <6 forallm >0,
A JRd

which implies by hypothesis (ii) that

/ |foldx < e forall m,n>0. (3)
Am
We can now decompose
[ 102 plds
]Rd
[ A-sldet [ p-plde o= foldo (4)
Rd\K ApUAg K\(AnUAp)

The first term in (4) can be estimated as

[t pldes [ {inl+inl <o
RNK RI\K

1



2

by choice of K. For the second term we use (3) and obtain

AnUAg AnUAg

Now notice that on R?\ (A4, U Ag) we have |f,| < a and |fy| < a. Remember the definition
of convergence in measure: for every v > 0 we have

{z e R 11.0) - fo(@)] 27} =o0.

Let v := ¢/| K|, which is positive because |K| is finite. Then there exists an index N € N
such that for all n > N we have the estimate

{2 e RY Ifule) - fo(a)] > /1K1 }| <
To simplify notation, let K’ := K \ (4,, U Ap). Then

lim
n—oo

3
o

|fn_f0|dx
K/
=/ |fn—fo|daf+/ o — fol da
K'n{x: |fn—fo|2e/| K|} K'\{z: |fn—fol<e/|K|}
13 13
< 20—+ —|K| = 3e.
aa+\K\‘ | €

Combining all estimates, we obtain
/ |fn — foldx <9 forallm > N.
Rd

Since ¢ > 0 was arbitrary, we have proved that f, — fo in L'(R%).
The necessity of condition (i) follows from

fu(x) = {sin(nx), if z € [0, 1],

0, otherwise,

which is compactly supported and bounded, hence satisfies (ii) and (iii), but does not con-
verge strongly in L'(R).
The necessity of condition (ii) follows from

n, ifx € |0,1/n|,
) = o
0, otherwise,

which is compactly supported and converges in measure to the zero function, hence satisfies
(i) and (iii), but does not converge strongly in L!(R).
The necessity of condition (iii) follows from

1/n, ifz € |0,n],
filz) = / [_ |
0, otherwise,

which is bounded and converges in measure to the zero function, hence satisfies (i) and (ii),
but does not converge strongly in L'(R). O
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2. Let | - |, denote exterior Lebesgue measure on R. Suppose that E is a subset of R with
|E|. < co. Show that E is Lebesgue measurable if and only if for every € > 0 we can write
E = (SUN;)\ Ny, where S is a finite union of nonoverlapping intervals and | Ni|, | Na|. < €.

Solution

=-. Suppose that E is Lebesgue measurable, and fix ¢ > 0. Then there exists an open
G O FE such that |G\ E|. < €. Since G is open, there exist nonoverlapping open intervals
I, such that G = U% I}, Since Y -, || = |G| < oo, we can choose M large enough that

ZZO:MH |Ix| < e. Let
M
§=U I, Ny =E\S, Ny, =S\ E.
k=1
Note that S is a finite union of nonoverlapping intervals. Since Ny = F'\ S C G\ S, we have

Mle<lansi<| U Bl< Y nl<e

k=M-+1 Py
Finally, Ny = S\ EC G\ E, so
N3l < |G\ E|. <e.
<. Assume that for any € > 0 we can write £ = (S U Ny) \ Ny, where S is a finite union
of nonoverlapping intervals and |Ni|, | N2|. < . Since S is measurable, there exists an open

set U O S such that |U \ S| < e. Although we don’t know that N; is measurable, we can
find an open set V' O Nj such that |V| < |N;]e + . Consequently,

V] < |Nife +€ < 2e.

Let G = UUV. Then G is open, and since U 2 S and V O N;, we have that G O SUN; D E.
After some tedious set-theoretic calculations, we see that

G\E C (U\S)UV UN,.

Therefore
|G\ Ele <|U\ S|+ |V]|+ |Nale <e+42+e=4e.
Therefore F is measurable. O



3. Prove directly the following special case of the Banach—Alaoglu theorem: if X is a
separable, normed space and X’* is its dual space, then the set

B = {fex|fl. <1}
(with || - [|+ the induced norm on X*) is sequentially weak™-compact.

Hint. Let {x;} be a countable dense subset of X'. Consider any sequence of functionals
{fn} € B*. Find a subsequence nj; — oo and a linear functional f defined on the linear span
of the z; such that limy_, fn, (2;) = f(x;) for all 7.

Solution
The sequence { f,,(z1)} is bounded in R since || f, ||« < 1 and

[fa(z)] < [lzaf[ [ falls  for all n € N.
Therefore there exists a subsequence n; — 0o and a number ¢; with |¢;| < ||z1]| such that
lim f,, (1) = ¢c.
k—o0

We apply the same argument to the sequence {f,, } and x2 and find a subsequence of {n}
(still labeled {n} for simplicity) and a number cs with |cy| < ||22|| such that

khjgo fnk(l’2) = Ca.
Repeating the same argument for all n € N we obtain a subsequence of {n} (still labeled
{ny} for simplicity) and a sequence {c¢;} of numbers with |¢;| < ||z;|| such that
klim fo. (@) =¢; for all 4.
We can now define a linear functional on the span M := span(xy, zs,...) by putting

flarzy + agxe +...) := aye1 + agco + . ..

for all numbers aq, as, . ... This implies that
f(m) = klim fn,(m) for all m € M. (5)

Since || fn, ||« < 1 we can estimate
[f(m)| = lim [fo, (m)] < [[m]]for allm & M,

so f can be extended from M to all of X by continuity. That is, for any given point z € X,
let i; — oo be a subsequence such that z;; — x and define

() = lim f(z,)

The existence of such a subsequence follows from the denseness of {z;} in X. Then
7@l = i 7| < T | = el

which implies that || f||« < 1. For given ¢ > 0 choose x; with ||z — z;|| < e. Then

[f(2) = for @) < [f(@0) = i, @) + [f (@ = 25) = f, (& = )]
<) = fa(@o)] + 2|z — =],
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by linearity. As k — oo, the first term on the right-hand side converges to zero because of
(5). Since € > 0 was arbitrary, we therefore obtain that

flz) = klim fn,(x) forallz e X. O



4. Suppose that f, € C*0,1] for n € N, and we have:

(a) fn(0) =0,

(b) 1£()] < L ae., and
(c) There exists a measurable function h such that f/(x) — h(x) for every z € [0, 1].

Prove there exists an absolutely continuous function f such that f, converges to f uni-
formly as n — oo.

Solution
Each function f,, is absolutely continuous, so we have

[ 5= 8s0) - 10 = ), 2l

Since the function 27!/2 is integrable on [0, 1], we have that h € L'[0,1]. Therefore, the
function

f(x) :/Omh, x € [0,1],

is well-defined and is absolutely continuous on [0, 1]. Further, h — f], — 0 and |h — f}| <
22712 € ['[0, 1], so by the Dominated Convergence Theorem,

1
lim [ |h—f|=0.
0

| -1

SSUP/ \h— f]
z Jo

1
g/)m—m
0

— 0 asn — oo,

Hence,

sup | f(x) — fu(x)| = sup

so f, — f uniformly. O



5. Let X be a reflexive normed space and let X* be its dual.
(a) Prove that for any sequence z,, — = weakly, we have

||| < liminf ||z,||.
n—oo

(b) Let K C X be a closed, nonempty, and convex set. Prove that for all zy € X’ there
exists ¢ € K such that

o = aoll = inf {ly = zoll: y € K }. (6)

Solution
(a) Weakly convergent sequences are strongly bounded (uniform boundedness principle),
therefore {||z,||} is bounded. Let f € X* with ||f||+ = 1 (dual norm). Then

[f (@) < Ll llenll < llza]l - for all n e N.

This implies that
F(@)] = lim |f(2,)] < liminf [Jz,]. 7)

As a consequence of the Hahn-Banach theorem, we have the following characterization

ol = sup {If(@)]: £ € 2%, If]l. =1},

Since the right-hand side of (7) does not depend on f, we can take the supremum on both
sides of (7) over all f € X* with || f||. = 1. This proves the claim.

(b) Note first that the right-hand side of (6) is finite for all q € X since the norm || - ||
is nonnegative (thus bounded below) and the set K is nonempty. If 2o € K, then we can
choose = := z( and obtain identity (6) with both sides equal to zero. If zy & K, let L denote
the right-hand side of (6). Then we consider a sequence y,, € K with

T — 0] = L. )
There exists an index N € N such that ||y, — zo|| < L+ 1 for all n > N, so that
|ynll < ||zol| + [y — zol| < C for all n € N,

with C' some constant. Since X is reflexive, the weak and the weak™ topologies coincide,
so we can apply the Banach-Alaoglu theorem: there exists a subsequence np — oo and
an element x € X such that y, — z weakly in X. Since K is convex, closedness and
weakly-closedness are equivalent, so x € K. Moreover, because of part (a) we obtain

. (®)
i = oll < timinf [l — o] £ L.

Since x € K, we also have the reverse inequality ||z — x¢|| > L. O



6. Let v be a signed Borel measure on I = [0,1] such that |v|() = 1 and v(I) = 0.
Suppose there exists a continuous function f: I — R such that || f||. < 1 and

/Olfdyzl.

Show that Lebesgue measure on [ is not absolutely continuous with respect to |v|.

Solution
Let v = v™ — v~ be the Jordan decomposition of v, and let T = PU N be a corresponding
Hahn decomposition of I. Then we have

VI(PY+v (N)=[|(I)=1 and  v*(P)— v~ (N) =u(I) =0,

vi(P)=v (N) = %

lz/olfdu:/Pfdzﬁ—/Nfdy‘.

Since —1 < f < 1 everywhere,

/fdlfrg/dlfr:lfr(P):l,
P P 2

—/Nfdl/_S/Ndl/_:V_(N):%.

In other for the sum of these two integrals to be 1, we must therefore have

/Pfdf:—/Nfdu—:%.

Ja=pa o

so since 1 — f > 0 and vt > 0, we must have f = 1 v-a.e. on P. Similarly, f = —1 v-a.e. on
N, and in particular we have |f| =1 v-a.e.

Thus f takes both the values 1 and —1. But f is continuous, so there is an open interval
U C I with —1 < f(z) <1 for x € U. However, we must have |v|(U) = 0, so since U has
positive Lebesgue measure we conclude that Lebesgue measure is not absolutely continuous
with respect to v. 0

Also,

and similarly

Hence



7. Let (X, M, 1) be a measure space (not necessarily o-finite).

(a) Suppose that f,, f are measurable functions from X to [0, co]. Prove that if

= an(x) for all z € X,
n=1

/deuzg/){fndu-

(b) Suppose {f,} is a sequence of measurable functions from X to R (not necessarily
nonnegative), defined a.e., such that

then

S [ lfuldn < o
n=1 X
Prove that the series

= fulx) 9)

converges for almost all z € X, that f € L'(u), and that
fan=> [ fadn 10
/ > (10)
Solution

(a) Consider first the case of two functions f; and f;. By measurability, there exist
sequences {syx} and {so} of nonnegative simple functions such that

sip(x) — fi(x) and sop(x) — fo(z) forallz € X
monotonically from below. Defining t;, := s1 5 + s2 for all k£, we have that
te(z) — fi(z) + fo(z) forallz e X

monotonically from below. The Monotone Convergence Theorem then shows that

/(f1+fz i = hm/tkdu

= lim {/ 817kdu+/ S2.k d,u}
k—o0 X X
:{lim/817kdu}—|—{hm/$2,kdﬂ}
k—oo [x k—oo Jx
I/ fld,u-i-/ f2dp. (11)
X X
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Next, put gy := f1 + ...+ fy for all N € N. The sequence {gy} converges monotonically
from below to f, because the f,, are nonnegative. Applying induction to (11), we get

/ngvduzné/xfndu. (12)

Applying the monotone convergence theorem once again, we obtain from (12)

N 00
fdzlim/gd:hm /fnd: /fnd.
/X H N—>ooXN'u N_monz::lX H nzz:lX H

(b) Let S,, be the set on which f,, is defined. Then p(X \ S,) = 0 for all n. Let

= |falx)] forallzes,
n=1

where S := ()2, S, with u(X \ S) = 0. Applying part (a), we obtain

d = /fnd,
/qu ;Xllu

which is finite by assumption. Therefore the set

E::{zGS:gp(x)<oo}

satisfies (X \ F) = 0, and the series (9) converges absolutely for all x € E. If we define
f(z) by (9) for all z € E, then |f(z)| < ¢(x) on E, which implies f € L*(u). Moreover,
letting gy := fi + ...+ fy for all N € N, then |gy| < ¢ and gy(z) — f(z) for all z € E.
By the Dominated Convergence Theorem, we obtain

/fdu— lim /gNdu— fim > /fndu /Efndu-

Since p(X \ E) = 0, this is equivalent to (10). O
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8. Fix 1 < p < oo, and let p’ satisfy % +Z% — 1. Let f € L?(R) and g € L” (R) be given.
Show that the function
(f=g)( / f(t)glz —1t)dt

exists and belongs to Cy(R), i.e., f * g is continuous, and satisfies

hm (f*g)( )=0.

Solution
Given any fixed z, we have by Holder’s inequality that the function f(-)g(x — -) is inte-
grable. Hence f x g is well-defined at every point, and is bounded since

(ol < [1f0 g -ola < ( [1r0ra) " (f1ate =0 ar) b gl

Thus, we actually have

1S gllee < 1115 gl
Again fix © € R. Then given any h € R, if we set Tj,g(x) = g(z — h) then we can write

((F * g) (& + k) — (f %) (@) S/|f(t)|\g(m+h—t)—g<w—t)|dt

<(/ \f(t)\pdt)l/p YU m—— 1/,)/
=1 </|g (t—h) — o))" dt)l/p’

= A1l [Thg = gll

—0 ash—0,

the convergence following from the fact that translation is a strongly continuous family of
operators on L” (R) (this statement can be proved by using an approximation argument
similar to the one we use next).

Finally, since C,(R) is dense in L?(R) and in L” (R), we can find continuous, compactly
supported functions f,,, g, such that || f — f.|l, — 0 and ||g — gn||, — 0. As above, f, * g, is
continuous, and furthermore it is compactly supported, since

supp( f * ga) C supp(fs) + supp(ga)-
Thus f, * g, € C.(R) C Cy(R) for each n. Further, sup || f,|[, < oo, so

Hf*g_fn*gnHooS ||f*g_fn*g||oo+H.fn*g_fn*gnnoo
<|1f = Fallp lglly + [ fallp lg — gnlly
— 0 asn— oo.

Thus f, * g, — f * ¢ uniformly. But Cy(R) is a Banach space with respect to the uniform
norm, so this implies that f * g € Cy(R). O



