
Analysis Comprehensive Exam

August 26, 2016

Student Number:

Instructions: Complete 5 of the 8 problems, and circle their numbers below � the uncircled problems
will not be graded.

1 2 3 4 5 6 7 8

Write only on the front side of the solution pages. A complete solution of a problem is preferable
to partial progress on several problems.

Notations used throughout the exam:

For E ⊂ Rd, the exterior Lebesgue measure of E is written |E|e.
If E is measurable then its Lebesque measure is denoted |E|.
We denote the dual space of a Banach space V by V ∗, i.e. V ∗ is the collection of all bounded linear

functionals acting on V .
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1. Let E ⊂ R be a Lebesgue measurable set with 0 < |E| < ∞.

(i) For each x ∈ R and r > 0 de�ne Ir(x) = [ x − r/2, x + r/2 ] and hr(x) = |E ∩ Ir(x)|. Prove
that for a �xed r > 0, the function hr(x) is continuous at every x ∈ R.

(ii) Prove that there exists r0 > 0 such that for each 0 < r < r0 there exists a closed interval I ⊂ R
which satis�es |I| = r and |E ∩ I| = r

2
.

2. Show that for A ⊂ Rd, A is Lebesgue measurable if and only if for every ε > 0 there exists a
Lebesgue measurable set E ⊂ Rd such that

|A4E|e < ε.

3. Let E1, ..., En be Lebesgue measurable subsets of [0, 1] and de�ne

Sq = {x ∈ [ 0, 1 ] : x belongs to at least q of the sets Ei} .

Show that for each 1 ≤ q ≤ n, Sq is Lebesgue measurable and there exists k such that

q |Sq|
n
≤ |Ek|.

4. Prove that if f(x), xf(x) ∈ L1(R) then the function

F (w) =

∫
R
f(x) sin(wx) dx

is de�ned, continuous, and di�erentiable at every point w ∈ R. (You may wish to use the identity
sin(α)− sin(β) = 2 sin(α−β

2
) cos(α+β

2
)).

5. Let f ∈ Lp(R), 1 ≤ p <∞. Given y > 0 denote Ay := {x ∈ R : |f(x)| > y}. Prove that∫
R
|f(x)|pdx = p

∫ ∞
0

yp−1|Ay|dy.

6. Let µ and ν be two σ-�nite positive measures on a measurable space (X,M). Show that there exists
a measurable function f : X → R such that for each E ∈M,∫

E

(1− f) dµ =

∫
E

f dν.

Does the above statement hold for every �nite signed measures µ and ν?
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7. Let H be a Hilbert space and {fn}n∈N be a sequence in H. Prove that the following two statements
are equivalent

(i) There exists C > 0 such that for every f ∈ H,

∞∑
n=1

|〈f, fn〉|2 ≤ C‖f‖2.

(ii) There exists C > 0 such that for every sequence {an}n∈N with �nitely many nonzero terms∥∥∥ ∞∑
n=1

anfn

∥∥∥2

≤ C

∞∑
n=1

|an|2.

8. Let V be a Banach space and let {fn}n∈N be a sequence in V. For m ∈ N let

Wm = span{fn}n6=m.

Prove that the following two statements are equivalent.

(i) There exists d > 0 such that for every m ∈ N,

d ≤ dist(fm,Wm) .

(ii) There existM > 0 and a sequence {gn}n∈N in V ∗ such that for every n ∈ N we have ‖gn‖V ∗ < M
and for each m ∈ N,

gn(fm) = δnm.
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