Differential Equations Comprehensive Exam
August 31, 2016

Student Number:

Instructions: Complete 5 of the 8 problems, and circle their numbers below — the uncircled
problems will not be graded.

Write only on the front side of the solution pages. A complete solution of a problem
is preferable to partial progress on several problems.

School of Math Georgia Tech
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T=x—y— a3
j=z+y—y’

1. Prove that the system

has at least one limit cycle.

2. Let f(z,t) be a continuous function on R x R. Assume that the initial value problem

(1)

admits two solutions z1(t) and xo(t) with xq(t) < xy(t) for t € [0,¢]. Show that for
every y € [x1(t), z2(t)] there is a solution T of (1) defined in [0,#] with Z({) = y and
z(t) € [x1(t), z2(2)].

3. Consider the Initial Value Problem

{ffc = Az + g(x)
z(0) = xg

where x € R", A is a n X n negative definite matrix and ¢ is a smooth function from R"
to R™ with

lim M =0.

=0 |||
Let A = max; \; where \; are the eigenvalue of A. Show that for every e there exists
such that if ||zo|| < 6 then ||z (t)] < eP+9|z0]| for every t > 0.

4. Let fi(x), i = 1,2, be two smooth functions from R" to R™ and let ®;(¢,x) be the flow
generated by fi(z), that is, ®;(¢, z) solves

Show that

Oy(t,z) — Py (t,x) = /0 Dy (t — s,P1(s,2)) (fo — f1) (P1(s, 7)) ds

where

o a(I)Z(ta Qf)

DQ(ta‘r) 81‘



Differential Equations Comp August 31, 2016

5. Find the solution of the differential equation
D90, u(21, To) + T10p,u(w1, 1) = (2] — 235)u(x1, 22) (2)
in the region z; > 0, |zs| < x; that satisfies

u(z1,0) = h(xy).

6. Let u(z,t) be a classical solution to the initial value problem
ugy —Au=0 in R" x (0,00),

u(z,0) = f(z) in R",
u(z,0) = g(z) in R™

If both f, g vanish for |z| < R, prove that u(0,t) =0 for all t € [0, R).

7. Solve the Burger’s equation
uy + uu, =0

with initial data

(i, 0) = l+2z ifz <0,
o if > 0.

8. Let D be a bounded domain in R™ with smooth boundary 0D, and let a(x) be a con-
tinuous function on D. Assume that u is a classical solution to

ur = Au+a(x)u in D x (0,00)
u=0 ondD x (0,00),

with non-negative initial condition. Prove that u remains nonnegative for all £ > 0.
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